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We address several aspects of the character of the depletion interaction in a quasi-two-dimensionalsQ2Dd
colloid system. First, we consider how, given information concerning the pair and triplet correlation functions,
the depletion interaction can be efficiently and accurately determined. For this purpose we introduce a method
based on the Born-Green equation using the assumption that for the Q2D binary mixtures of interest to us the
depletion interaction is accurately represented as a sum of pair potentials. We then verify, by direct calculation,
that three-particle contributions to the depletion interaction are negligibly small in the region of thermody-
namic state space of interest to us. Second, we develop a representation of the dependence of the depletion
interaction in a Q2D colloid system on the thickness of the confining parallel plates. Third, we report the
results of extensive simulations of Q2D binary hard-sphere mixtures for a range of cell thickness, large and
small particle number densities, and a ratio of sphere diametersq=0.3.
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I. INTRODUCTION

It has been known for many years that the pair correlation
function of a dense one-component hard-sphere fluid exhibits
a pronounced peak at a center-to-center separation of one
sphere diameter, thereby implying that the potential of mean
force is attractive at that distance. The origin of this attrac-
tive potential of mean force between particles that have no
attractive component in their direct interaction potential has
also been understood for many years; it arises from the ex-
clusion of third-body hard spheres from the region between
two hard spheres when the separation of the centers of the
latter is less than two sphere diameters. The potential of
mean force is, in this case, entirely of entropic origin, and it
is density dependent.

The existence of an attractive interaction between, say,
large hard-sphere colloid particles in a binary mixture with
small hard-sphere colloid particles, commonly called the
depletion interaction, can be traced to the same originf1g. In
a binary mixture the full depletion potential is a many-body
interaction with a dominant two-body term. Indeed, repre-
senting the depletion interaction as a sum of pair potentials
has been found to give predictions that are in excellent agree-
ment with the results of simulations of hard-sphere binary
mixturesf2g. Specifically, eachn-body term of the multibody
expansion of the depletion interaction embodies both direct
and indirect contributions. The three-body term is found to
be significantly weaker than the two-body term even with the
direct contribution present, and its range is similar to that of
the two-body termf3–5g. A direct three-body contribution to
the depletion potential arises when the diameter of the small
particle is too large to fit into the cavity formed when three
large particles are in contact, which occurs when the diam-
eter ratio isq,2/Î3−1=0.1547.

To date, almost all theoretical studies of the depletion in-
teraction have dealt with three-dimensional systems. How-
ever, there is also considerable interest in systems in con-
fined spaces with various geometries. Castañeda-Priego,
Rodríguez-López, and Méndez-Alcarazf6g have studied the

depletion interaction in a strictly two-dimensional binary
mixture of hard disks. We note that the difference between
quasi-two-dimensionalsQ2Dd and 2D confinement can play
a role in determining system properties. Depending on the
size ratio of the species in a binary mixture and the ratio of
wall spacing to small-particle diameter, one can easily gen-
erate systems in which the large particles move in a Q2D
domain, but the small particles, which are the source of
depletion interaction, move in three dimensions. In this paper
we study the depletion interaction and how it changes con-
tinuously as the system geometry changes from the 3D to
confined Q2D geometry. We accomplish this by changing the
confining plate separation from a value equal to the large-
particle diameter to a value where the depletion interaction
no longer changes with an increasing separation.

The influence of a wall on the depletion interaction can
conveniently be thought of as generated by the three-body
interaction between two large spheres and a wallsor another
sphere with an infinitely large radiusd. This analogy allows
us to make a number of assertions, based on what is already
known about the three-body contribution to the depletion
interaction, concerning the influence of a wall on the two-
body depletion interaction between large spheres. First, the
wall contribution to the interaction should be much weaker
than the depletion interaction between two large spheres.
Second, the direct wall-particle contribution to the interac-
tion should come into play when the diameter ratioq
.0.25. Finally, the range of the wall contribution to the
depletion interaction should be no larger than that for the
depletion interaction between two large spheres. As the four-
body contribution to the depletion interaction is even less
significant than the three-body contribution, we postulate
that the presence of the second wall in the Q2D geometry
will generate no extra four-body effect.

Here a comment is in order. The three-body contribution
to liquid properties is dependent on density. This density
dependence arises because the chance that three particles col-
lide simultaneously increases with increasing density. On the
other hand, the wall contributionsthought of as the third-
body contributiond is independent of colloid density but in-
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stead depends on the wall separation. When the wall separa-
tion is small enough, the wall contribution is a constant
factor. In this respect the wall contribution to the depletion
interaction can be expected to be more significant than the
three-body contribution.

This paper addresses several aspects of the character of
the depletion interaction in a Q2D colloid system. First we
consider how, given information concerning the pair and
triplet correlation functions, the depletion interaction can be
efficiently and accurately determined. For this purpose we
introduce a method based on the Born-GreensBGd equation
using the assumption that for the Q2D binary mixtures of
interest to us the depletion interaction is accurately repre-
sented as a sum of pair potentials. We then verify, by direct
calculation, that three-particle contributions to the depletion
interaction are negligibly small in the region of thermody-
namic state space of interest to us. Second, we develop a
representation of the dependence of the depletion interaction
in a Q2D colloid system on the separation of the confining
parallel plates. Third, we report the results of extensive simu-
lations of Q2D binary hard-sphere mixtures for a range of
cell thickness, large- and small-particle number densities,
and the ratio of sphere diametersq=0.3.

II. EXTRACTING THE DEPLETION POTENTIAL FROM
THE PAIR AND TRIPLET CORRELATION

FUNCTIONS: BORN-GREEN EQUATION APPROACH

We start our analysis with a few generalizations concern-
ing the character of the depletion interaction. We restrict our
attention to the case of a binary mixture, but formal gener-
alization to the case of multicomponent mixtures is straight-
forward. As first shown by McMillan and Mayerf7g, it is
possible to describe a binary mixture of, say,a and b spe-
cies, as if it were an effective one-componenta-species sys-
tem with the directaa, bb, andab interactions replaced by
an aa free energy of interaction; the latter is obtained by
integrating over the positions of all the particles of speciesb.
After the degrees of freedom ofb are integrated out, the
resulting effective one-component fluid can be described by
an effective Hamiltonian containing a volume term, to which
only theb particles contribute, a one-body term in which a
singlea particle in a fluid ofb particles contributes, a two-
body term, a three-body term, and so on. In the three-
dimensional case, for mixtures in which the ratio of particle
diameters,q, is small, the most important contributions are
found to come from the one-body and two-body terms in the
effective Hamiltonian. The three-body and higher-order
terms never vanish under all conditions, but are found to
make negligible contributions to the effective interaction for
a wide range of conditions. Specifically, if two particles of
speciesa are separated by a distancer and are embedded in
a fluid of speciesb with chemical potentialmb, the effective
potential acting between thea particles has the formf8,9g

Vef f = uaasr d − kBTfca
s1dsr ,ma,mb,Td − ca

s1ds`,ma,mb,Tdg,

s1d

in which uaa is the direct interaction potential between two
particles of speciesa andca

s1d is the one-body direct correla-

tion function of speciesa. It has been shown that the deple-
tion potential between two large hard spheressand between a
hard sphere and a smooth walld has both attractive and re-
pulsive parts as well as oscillatory behavior that can be
traced to correlation effects associated with the small hard
spheres.

We now develop a convenient and accurate method for
calculating the depletion interaction in a binary hard-sphere
colloid mixture from knowledge of the pair and triplet cor-
relation functions obtained from simulations or from video
microscopy. We are interested in determining if the Yvon-
Born-GreensYBGd integro-differential equation can be used
to calculate the depletion potential accurately. This equation
relates the pair and triplet correlation functionsg2srd and
g3sr 1,r 2,r 3d, respectively, to the pair potentialu2srd when
more than two-body interactions are absent. The YBG equa-
tion for a homogeneous liquid is

=r 1
fw2sr12d − u2sr12dg =

r

g2sr12d
E

V

dr 3 =r 1
u2sr13dg3sr 1,r 2,r 3d,

s2d

in which r ij is the distance between particlesi and j , r i is the
position of particlei, andw2srd is the potential of the mean
force defined by

g2srd = expf− bw2srdg. s3d

Equations2d can be simplified to read

]

]r
fw2srd − u2srdg =

r

g2srdE0

`

ds s
]u2ssd

]s
fsr,sd. s4d

Here r = ur 1−r 2u, s= ur 1−r 3u, and the functionfsr ,sd depends
on the system. For a two-dimensional liquid we have

fsr,sd = 2E
0

p

durs cossursdg3sr,s,ursd, s5d

whereurs is the angle between the vectorsr ands. We now
suppose that the depletion interactionud is the effective pair
interaction in the fluid and we make the replacementu2=ud.
Hereud is generally dependent on the density of small par-
ticles and temperaturesud;udfb ,hs

rgd, where for hard
spheres the temperature dependence is linear. Equations4d
can be further modified by observing that for the hard-core
interactionb u]udsrd /]r ur=s=−dsr −sd, so that

]udsrd
]r

=
]w2srd

]r
+

b−1r

g2srdSsfsr,sd −E
s

`

ds s
]udssd

]s
fsr,sdD .

s6d

The functionfsr ,sd needed to solve Eq.s6d will be obtained
from simulation of binary systems. Specificallyfsr ,sd will be
calculated for the set of grid pointshrm,snj:
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fsrm,snd =
1

4prmsnNp2

3K o
iÞ jÞk

N

dDsrm − r ijddDssn − r ikdcosuri j sikL .

s7d

In Eq. s7d, rm=Dsm+0.5d andsn=Dsn+0.5d wherem andn
are integers andD is the bin size. The functiondDsx−ad is
defined as

dDsx − ad = H0, a − D/2 . x ù a + D/2,

1/D, a − D/2 ø x , a + D/2.
J

The resulting function fsrm,snd is stored in a two-
dimensional arrayfmn. The bin sizeD was set to 0.01s. The
calculation offmn requires the identification of all triplet con-
figurations for a single-particle configuration. This is a time-
consuming step since for each configuration a triple loop is
executed. However, we expectud to be short ranged. Accord-
ingly, we chose a cutoff distance of 2s so all the triplets that
contribute tofmn wherer ,s.2s need not be identified. This
procedure reduces the computer time needed to a time that is
comparable to that used when calculating a pair correlation
function.

In order to test how well the doublet and triplet distribu-
tion functions can reproduce the pair potential based on the
relation in Eq.s2d, we carried out simulations for systems
with one type of particle interacting via a known pair inter-
action. The pair interaction we chose for this test is

budsrd = −
1 + q

2q
fshs

rd3x2 + shs
rd2s9x + 12x2d

+ shs
rd3s36x + 30x2dg for − 1 , x , 0, s8d

wherex=sr /s−1−qd /q. This is the expression for the deple-
tion potential in 3D for hard spheres in a binary mixture up
to third order inhs

r within the Derjaguin frameworkf10g.
However, any other pair interaction would be as good for test
purposes.

Two pair interactions, corresponding to the parameters
sq=0.3, hs

r =0.1d and sq=0.6, hs
r =0.13d were used. Once

g2srd and fsr ,sd were obtained from the simulation, we
solved Eq.s4d iteratively takingw2srd as an initial estimate
for udsrd. The calculated form forudsrd, together withudsrd
from Eq.s8d and the discrepancy between the two, are shown
in Fig. 1. Our procedure is seen to give very good results.
The spike in the error plot results from a nonsmooth singular
point in udsrd at r =q.

The method of calculating the pair interaction based on
the Born-Green equation that we have suggested offers an
alternative route to the inversion methods generally used for
this purposef11,12g. In definition our depletion potential is
equivalent to the depletion potential calculated by the au-
thors of Ref.f6g who also define the depletion potential as an
effective pair potential due to the second-particle component.
These authors used the integral equation theory method.

The method just described for the calculation ofud makes
no provision for the possibility that a three-body interaction

acts in the system of interest. The complete depletion inter-
action is a many-body free energy with a dominant two-body
term. However, the three-body contribution to the depletion
interaction is not negligible for all values ofq or everywhere
in the thermodynamic state space. If the three-body contri-
bution is not negligible, it can influence the pair potential
calculated from the BG equation, so that the calculated pair
potential will incorporate some averaged contribution from
three-body interactions.

The BG equation is not valid when the three-body contri-
bution to the particle interaction is nonzero. By differentiat-
ing g2srd with respect to particle separation and assuming
three-body interactions to be present, we get the following
expression:

=r 1
ffsr12d − u2sr12dg =

r

g2sr12d
E

V

dr 3 =r 1
u2sr13dg3sr 1,r 2,r 3d

+
r

g2sr12d
E

V

dr 3 =r 1
u3sr12,r13,r23d

3g3sr 1,r 2,r 3d +
r

2g2sr12d

3E
V

dr 3E
V

dr 4 =r 1
u3sr12,r13,r23d

3g4sr 1,r 2,r 3,r 4d. s9d

When cast in the form of Eq.s4d an additional functionRsrd
appears:

]

]r
ffsrd − u2srdg =

r

g2srdE0

`

ds s
]u2ssd

]s
fsr,sd + Rsrd,

s10d

whereRsrd incorporates the contribution from the three-body
potential. In order to get the exact two-body part of the

FIG. 1. Pair potentials as calculated from the YBG relation de-
scribed in Sec. II and compared with the exact pair potentials in Eq.
s8d. The calculations were done at densityrs2=0.85.

DEPLETION INTERACTION IN A QUASI-TWO… PHYSICAL REVIEW E 71, 041402s2005d

041402-3



depletion potential when there are three-body interactions we
must knowRsrd. This however is, in general, impossible.
When, instead, we neglect the termRsrd and use Eq.s4d, the
potential that we arrive at is an effective interaction. Strictly
speaking, this effective interaction cannot reproduce any
property of the actual system exactly; nor is it designed to
yield any one particular property of the physical system ex-
actly. By use of suitable constraints, the effective pair inter-
action can be modeled to yield any one, but not all, of the
fluid pressure, energy, or pair distribution functionf13–16g
correctly. The accuracy of our results depends on the strength
of the three-body interaction; if the three-body contributions
to the fluid properties are insignificant, our effective potential
should be in very good agreement with the true two-body
part of the depletion potential. The best test of this influence
is to compare the results of simulation of the one-component
system interacting via the effective pair depletion potential
with the results for the binary system. We show below that
this comparison yields excellent agreement, implying that
the three-body contribution to the depletion interaction is
negligible even for diameter ratiosq.0.1547.

III. SIMULATIONS

We have carried out two sets of simulations of Q2D bi-
nary hard-sphere mixtures. The first set of simulations used
the sN,zs,A,Hd ensemble.N is the number of large particles,
zs is the fugacity of the small particles, andA is the area and
H the height of the containing cell. This ensemble represents
large particles in a space of heightH between two hard walls
immersed in a reservoir of small particles with densityrs

r.
For hard spheres there is no dependence of the thermody-
namic properties on temperature. The number of large par-
ticles is fixed atN=400 and the hard plates are atz=H /2 and
z=−H /2; hence, the sphere centers are restricted to −sH
−sd /2,z, sH−sd /2. The simulation algorithm directly
controlszs, but in order to be able to controlrs

r, we use the
relation rs

r expsbms
exd=zs, wherems

ex is the excess chemical
potential of the small spheres. We have used the Carnahan-
Starling equation of state to calculatems

ex, since that equation
of state is very accurate in the density regime of interest.

The Born-Green relation which was used to obtain the
depletion interaction is for a homogeneous 2D liquid. The
Q2D system allows out-of-plane motion of the large par-
ticles, which may obscure our results with contributions from
slightly out-of-plane positions of large particles in thez di-
rection. To avoid this problem we constrain the large-particle
centers to a strictly two-dimensional plane regardless of the
plate separation. No constraints are imposed on the small-
sphere motion. This procedure allows us to calculate the
depletion potential between large spheres at fixed distance
from the walls rather than for particles at different distances
from the walls. Given that the three- and higher-body terms
of the depletion potential are negligible, our scenario is
equivalent to that of calculating the depletion interaction be-
tween two large spheres immersed in the sea of small spheres
at fixed distance from the walls.

The density of the large particles is defined asr=N/A and
the packing fraction of the small particles ashs

=pss
3Ns/ s6HAd, where Ns and ss denote the number and

diameter of small particles, respectively.

IV. RESULTS OF SIMULATIONS

All of the simulations in thesN,zs,A,Hd ensemble were
carried out with the density of large particlesrs2=0.85 and
the diameter ratioq=0.3. The high liquid density was chosen
to facilitate calculations since at high density fewer small
particles are required for a givenzs. The size ratioq=0.3 was
selected to include the direct contribution to the three-body
depletion interaction as well as to facilitate calculations. It is
within the range commonly used in the experimental studies.
To ensure that the collected configurations are not limited to
a local minimum, a potential ergodicity problem when simu-
lating asymmetric binary mixtures, each system was equili-
brated from two different initial configurations, both perfect
triangular lattice crystals, one distributed throughout the
whole cell with the lattice constantD=Î2/srÎ3d where
rs2=0.85 and the other confined to one part of the cell with
the lattice constantDøÎ2/srm

Î3d whererms2<0.91 is ap-
proximately the melting density of a hard disk and Q2D
hard-sphere solidf17g. For all cases covered in this work we
find that the two initial conditions evolve to the same final
state. Furthermore, a number of calculations performed at
lower densityssee laterd produce the same depletion interac-
tion, providing further assurance that the system is not frozen
in a metastable region.

A. Three- and higher-body terms of the depletion interaction

In this section we examine the three- and higher-body
contributions to the depletion interaction. We first compare
the pair correlation functions of a binary hard-sphere mixture
and the corresponding effective one-component systemsFig.

FIG. 2. The pair correlation functions of a binary hard-sphere
mixture and the corresponding effective one-component system for
the plate separationH=s, densityrs2=0.85, andhs

r =0.3. The inset
contains a close-up of the pair correlation functions near the contact
value.
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2d for hs
r =0.3 atH=s and densityrs2=0.85. The two pair

correlation functions compare very well. The biggest mis-
match occurs at contact separationr =s whereg2 of the ef-
fective one-component system slightly underestimatesg2 for
the binary system.

Next, we investigate the density dependence of the deple-
tion pair potential,udsrd, calculated from the Born-Green re-
lation fEq. s6dg. As the density increases, the three-body con-
tribution becomes more important because there is a greater
probability for particle triplets to come within the range of
the three-body interaction. Figure 3 showsudsrd for hs

r =0.3
at plate heightH=s for densitiesrs2=0.8 andrs2=0.85.
Even for this high density of small particles, we find only a
very small change due to the density increase, indicating that
the three- and higher-body contributions to the depletion in-
teraction are very small and do not affect our results.

As follows from a uniqueness theorem for the pair corre-
lation functionf18g, a pair potential can be designed to re-
produce the pair correlation function of the system with
three- and higher-body terms, but it cannot be designed to
reproduce the triplet and higher-order correlation functions.
This fact can easily be demonstrated if we consider the low-
density limit for a system with only two-body interactions,
limr→0g3sr ,s,td=exph−bfu2srd+u2ssd+u2stdgj, and for a sys-
tem with three-body interactions, limr→0g3sr ,s,td=exp
h−bfu2srd+u2ssd+u2stdgjexpf−bu3sr ,s,tdg. In this simplified
limit it can be seen that no two-body term can substitute in
an exact manner for the explicit three-body contribution in
g3. Though our effective pair potential was not designed to
specifically reproduce a pair distribution function exactly,
nonetheless it does well in this respectsFig. 2d. Conse-
quently, the discrepancy between theg3’s of the two-
component and the effective one-component system is a
good measure of the three-body contribution to the particle
interactions.

To compare the structure of a binary system and an effec-
tive single-component system, we measure the triplet distri-

bution functions for equilateralsr ,r ,rd and isoscelessr ,r ,sd
triplet configurations normalized to the Kirkwood superposi-
tion product of pair correlation functions:

G3sr,s,td =
g3sr,s,td

g2srdg2ssdg2std
. s11d

For hs
r =0.19 andhs

r =0.25 the agreement betweenG3 for the
effective one-component and binary system is very good. For
hs

r =0.3 the difference between the two is more significant
especially at smallr. Figure 4 showsG3 for the two- and
effective one-component systems for densityrs2=0.85 and
plate separationH=s, for different values of the small-
particle packing fraction. The functionG3 for the binary sys-
tem displays modulations which are absent in the pair repre-
sentation of the binary system.

It is useful to make a few comments regarding the perfor-
mance of the Kirkwood superposition approximation. This
approximation fails on account of the formation of local or-
der. As the density increases, the liquid develops a local an-
gular order which anticipates the solid structure. For
G3sr ,r ,rd the superposition approximation underestimates
the presence of equilateral triangles big enough to enclose a

FIG. 3. The density dependence of the effective depletion pair
potentials for the plate separationH=s and hs

r =0.3. For a strictly
two-body depletion interaction, there should be no density depen-
dence in the effective depletion pair interaction.

FIG. 4. G3 fEq. s11dg for the two- and the effective one-
component systems for the densityrs2=0.85, the plate separation
H=s, andhs

r =0.3.
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single particle. On the other hand, the presence of equilateral
triangles too small to enclose a particle is overestimated by
the superposition approximation. ForG3sr ,r ,sd the superpo-
sition approximation overestimates the presence of isosceles
triangles large enough to host a particle internally, a configu-
ration that is unfavorable for the local triangular symmetry.
The superposition approximation performs slightly worse for
the pure hard-sphere system than for the binary mixtures that
we have studied, since the latter are more disordered at
rs2=0.85.

B. Influence of the walls on the depletion interaction

To be able to gauge the manner and extent of the influence
that the slit geometry walls produce on the depletion inter-
action between large spheres at givenhs

r, we show in Fig. 5
how the contact value of the pair distribution function be-
tween large spheres,g2ssd, whose centers are constrained to
the 2D plane, changes with the plate separation for different
hs

r. We use the symbolgsH ,hs
rd to denoteg2ssd at givenH

andhs
r. For the system with large particles in wall contact we

scale gsH ,hs
rd according to the formula 2gs2H−s ,hs

rd
−gss ,hs

rd. If the influence of both cell walls on the depletion
interaction is a sum of the individual wall contributions, the
two plots should overlap. It can be seen in Fig. 5 that the
resulting data points indeed overlapsthe visible discrepan-
cies lie within the statistical errord; thus, the contribution of
two walls is an additive effect and the presence of the second
wall does not produce a four-body effect between two
spheres and two walls.

The range of the wall influence on the depletion interac-
tion is of order a small particle diameter; forH.1.6s, a
small particle can fit between a large particle and a wall and
gsH ,hs

rd begins approaching the homogeneous liquid limit.
The wall influence on the depletion interaction does not af-
fect a monotonic trend with increasing plate separation, but

instead has a modulating character; it can reduce or enhance
the depletion interaction, depending on the distance of large
particles from a wall.

Figure 6 shows the depletion interaction calculated from
the Born-Green relationfEq. s6dg as an effective pair poten-
tial. For eachhs

r we plot the depletion potentials for plate
separations that are of most interest:H=s, H corresponding
to the minimum of the plot in Fig. 5, and largeH where the
depletion interaction is close to the homogeneous 3D limit.
The depletion potential most strongly influenced by the pres-
ence of the wall is that forH=s. Its repulsive barrier and
range are reduced. As the plate separation increases toH
<1.2s, the barrier and range of the depletion potential in-
creases. At large plate separation both the range and barrier
are slightly reduced and the depletion potential stops chang-
ing with the changing plate separation as the 3D homoge-
neous limit is approached. Forhs

r =0.19 the influence of the
wall on the depletion interaction is very small as little change
is produced by increasingH. At hs

r =0.30, on the other hand,
the repulsive barrier atH=s almost completely disappears.

In Fig. 7 we plot the difference between the two-body
depletion potentials forH=s and largeH corresponding to
the 3D homogeneous limit,Du3srd=udsr ;H=sd−udsr ;H
=larged. This will allow us to extract a pure wall contribution
to the pair depletion potential whenH=s. The resulting wall
contribution is very similar, qualitatively and quantitatively,
to the three-body contribution to the depletion interaction
calculated in Ref.f5g; as in Ref.f5g, Du3srd is highly modu-
lated, reflecting correlations between the small particles. It is
much smaller than the two-body depletion potential, and its
range is similar to that of the pair depletion interaction.

The results presented above suggest that the wall contri-
bution to the depletion interaction is visible but not very
strong. For a low density of small particlesshs

r =0.19d the
depletion potential hardly changes with distance to the wall.
The depletion interaction, as may be expected, is most
strongly affected by the wall contribution at the limit of con-
finementswhen the plate separation equals a large particle

FIG. 5. The pair correlation contact valuesgsH ,hs
rd as a func-

tion of the plate separationH. HeregsH ,hs
rd for the case where the

large spheres are at the wall contact is scaled according to the
formula 2gs2H−s ,hs

rd−gss ,hs
rd.

FIG. 6. Depletion potentials for different plate separations and
packing fractions of small particles. The potentials have been
shifted for better presentation.
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diameterd. At this plate separation the range and repulsive
barrier of the depletion interaction are reduced. Another con-
clusion of our study is that the wall contribution is not a
monotonic function of distance to the wall, but instead is a
modulating function ofH. This is in agreement with our
conjecture which claims that the wall contribution is in es-
sence similar to a three-body contribution to the depletion
interactionf5g. If the large particles were released from the
requirement of lying in a plane and allowed to have an out-
of-plane motion as is the case in experimental studies, the
wall contribution would be even less significant since par-
ticles would occupy different positions relative to the walls.

V. VIRIAL EXPANSION FOR THE DEPLETION
POTENTIAL IN CONFINED GEOMETRY

In this section we derive an expression for the depletion
force between two large spheres immersed in the nonuni-
formly distributed sea of small particles. In our study the
distortion of the small-particle density is affected by the
walls of the cell. We use the local density approximation
where density of small particles at each volume element is
treated locally, ignoring the influence of density variations of
a neighboring region. This model, by considering the small-
particle density variation “literally,” represents a limiting
case where effect of the walls on the depletion interaction is
maximal. The comparison between the model and simulation
results will allow us to gauge the extent of the nonlocal
effects present in the real system. The density distribution of
the small particles along thez axis used in our expression for
the depletion force is calculated from the simulation at given
H, hs

r, andq where no large particles are present.
To carry out this investigation we use a virial expansion.

We carry the expansion up to and including the third virial
coefficient, as calculated by Maoet al. f19g for hard plates
immersed in a hard-sphere liquid bath. We then use the Der-
jaguin approximation to apply those results to hard spheres.

In the following we provide a detailed description of the
calculations. Two parallel hard plates placed inside a hard-
sphere liquidswe assume the spheres are small for the sake
of clarityd feel an outside and an inside pressure. The outside
pressure is that for a homogeneous hard-sphere liquid,

bPout = rs
r + B2rs

r2 + B3rs
r3 + ¯ , s12d

where Bn are the usual virial coefficientsf20g. The inside
pressure, unlike the pressure outside, depends on the plate
separation. When written in the form of a virial expansion
we have

bPinshd = rs
r + B2shdrs

r2 + B3shdrs
r3 + ¯ . s13d

We reserve the small letterh for the plate separation, instead
of the capital letterH, because as we transform Eqs.s12d and
s13d to describe the depletion interaction between two large
spheres,h will refer to the shortest distance between two
large sphere surfaces and not the wall separation. TheBnshd
denote theh-dependent virial coefficients. Forhøss, Pin
=0 since no particle can enter the slit cell. In the limith
→`, Bnshd=Bn, and Pin=Pout. For høss the salvation
“force” fS, defined as the net pressure felt by a wall, is

bfS= − Pout = − rs
r − B2rs

r2 − B3r3
r3 − ¯ s14d

and, forh.ss,

bfSshd = Pinshd − Pout

= hB2shd − B2jrs
r2 + hB3shd − B3jrs

r3 + ¯ . s15d

The depletion force between two plates with separationh
expressed in terms of the solvation force isfdshd=AfSshd
whereA is the area of a plate.

To calculate the depletion force between two large hard
spheressinstead of the large hard platesd in the heteroge-
neously distributed small-particle liquid, we use two ap-
proximations. First, we use the Derjaguin approximation to
deal with the sphere curvaturef21g. Second, to deal with the
heterogeneous small-particle distribution we use a local ap-
proximation where we assume that for an infinitesimal sur-
face element the small-particle distribution is locally homo-
geneous and all the contributions are additive. The results
are, forh.ss, where hereh is the smallest distance between
the surfaces of two large spheres,

fdshd = 2pd2E
0

p/2

du sinu cosuhb2su,hdfr̄s
rsudg2

+ b3su,hdfr̄s
rsudg3 + ¯ j s16d

and, forhøss,

fdshd = 2pd2E
ufshd

p/2

du sinu cosuhb2su,hdfr̄s
rsudg2

+ b3su,hdfr̄s
rsudg3 + ¯ j

− 2pd2E
0

ufshd

du sinu cosuhB2fr̄s
rsudg2

+ B3fr̄s
rsudg3 + ¯ j. s17d

FIG. 7. The difference between the effective pair potentials at
H=s and at largeH, Du3srd=udsr ;H=sd−udsr ;H=larged, for the
system of the large spheres constrained to thexy plane at the center.
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In Eqs. s16d and s17d, bnsu ,hd=hBnsh+s−2d cosud−Bnj,
u fshd=arccosfsh+sd /2dg, and r̄s

rsud is defined as

r̄s
rsud =

2

p
E

0

p/2

df rs
rsd sinu cosfd. s18d

u andf are the angular degrees of freedom of the spherical
coordinates wheref is the azimuthal angle. The origin coin-
cides with the center of one of the particles.u is measured
from the directionsR1−R2d whereR1 and R2 are the loca-
tions of the centers of the two large particles.

If we terminate the virial expansion at first order, we get
an equivalent of the Asakura-Oosawa approximation. In rect-
angular coordinates this approximation reduces to

fAOshd = − 4E
0

zfshd

dzrs
rszdÎzf

2shd − z2, s19d

wherezfshd=Îd2−ss+hd2/4 denotes the point on thez axis
where two spherical shells of radiusd separated by a dis-
tances+h and located at the center of the cell cross. When
the density of small spheres is made independent ofz we get
rs

rszd=rs
r and Eq.s19d retrieves the Asakura-Oosawa deple-

tion force for a homogeneous liquidf22,10g,

fAOshd = − 4rs
rE

0

zfshd

dzÎzf
2shd − z2 = − prs

rzf
2shd. s20d

We have a few comments concerning the nature of the
Derjaguin approximation. The Derjaguin approximation be-
comes exact in the limitq→0. As q increases, its perfor-
mance is expected to worsen. However, it turns out that an
additional source of error from truncating a virial expansion
at third order cancels out the shortcomings of the Derjaguin
approximationf10g. Thus the apparent success of the Der-
jaguin approximation within the third-order theory reported
in Ref. f19g does not testify to good performance of this
approximation, but is rather accidental, and inclusion of the
fourth- and higher-order terms produces poorer results. The
model described above was found to produce very good re-
sults for the uniform density of small particles in agreement
with results reported in Ref.f19g. For the case of nonuniform
density distribution of small particles, deviation from the
simulation results is attributed to the local density approxi-
mation.

In Fig. 8 we plot the resulting depletion force calculated
using our model for different plate separations aths

r =0.3. For
large plate separation, when the density of small particles is
uniform or close to uniform, the resulting depletion force
compares very well with the simulation results regardless of
the density of small particles. This suggests a good perfor-
mance of the Derjaguin approximation. The depletion force
at other plate separations, where the small-particle density is
not uniform, develops the same trends as the depletion force
of the simulated system, but with a degree of exaggeration.
In the real system, therefore, the effect of the nonuniform
distribution of the small particles is alleviated. Götzelmann
and Dietrichf23g observed that in the slit geometry the lay-
ers parallel to thexy plane exhibit stronger correlations at
lower density than those at higher density. This happens be-

cause when a low-density region is embedded in a high-
density region, it gains some order, otherwise absent in a
uniform system. On the other hand, a high-density region
surrounded by a low-density region loses some of its order.
In this context one may loosely speak of a “conservation of
order” being responsible for resisting deviations from a uni-
form structure. The calculations performed aths

r =0.19 and
hs

r =0.25 indicate that the discrepancy between the virial ex-
pansion and the simulation results decreases with decreasing
density.

The qualitative agreement between the simulation and the
virial expression results for the depletion force permits us to
determine the connection between the small-particle density
distribution and the depletion force between two large
spheres. In Fig. 9 we show the small-particle density profiles
along thez axis generated from simulations of the small
particles in the slit geometry when no large particles are
present. For the largest plate separation, the two outermost
peaks are too far from the center of the cell to influence the
depletion force between two large spheres located in the cen-
tral plane. The effects of the secondary peaks are almost
invisible. For plate separationH=s, the depletion force is
enhanced and shifted to smaller particle separation compared
to that for the homogeneous case. The shift and enlargement
is caused by the outermost peaks whose influence becomes
important at smaller particle separation. The shift of the re-
pulsive barrier to lower particle separation produces the re-
duction of the attractive range of the depletion force. For
intermediate plate separation the repulsive barrier and the
attractive part of the depletion force are reduced. This indi-
cates that the outermost peaks are already beyond the range
where they can influence the depletion interaction between
two large spheres. The reduction effect comes from the val-
leys following the outermost peaks. We conclude that for the
density of small particles covered in this work, the effects of
confinement on the depletion interaction between two large
spheres comes from the outermost region where the density

FIG. 8. The depletion force calculated using our model de-
scribed in Sec. V compared to the exact depletion force calculated
from the simulation for different plate separations. The depletion
force for the simulation result has been shifted down for presenta-
tion purposes.
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distribution is mostly distorted. For size ratios less thanq
=0.3 and the same packing fractionhs

r, the influence of the
confining walls on the depletion interaction is expected to be
smaller since the outermost peaks are more narrow and far-
ther removed from the central plane.

VI. CONCLUSION

We have studied the depletion interaction and how this
interaction changes with changing the degree of confinement
in a Q2D binary hard-sphere mixture with size ratioq=0.3.
By going to large plate separation we were able to compare
the depletion interaction of the confined system with that for
the homogeneous 3D system. Our study focuses on how the
heterogeneity of the small-particle distribution affects the
depletion interaction between two large spheres in a Q2D slit
geometry. Our findings show that the confining walls do not
have a very strong overall effect on the depletion interaction.

Not surprisingly, the largest changes in the depletion poten-
tial occur whenH=s, when the confinement is greatest. At
this plate separation, both the range and repulsive barrier of
the depletion potential are reduced. The range of the wall
influence on the depletion interaction is equivalent to the
diameter of a small sphere. Another important feature of our
results is that the confinement does not produce a monotoni-
cally changing influence on the depletion interaction with
increasing plate separation, but instead produces a modulat-
ing contribution. Both the depletion potential range and the
repulsive barrier oscillate as the plate separation increases.

We have also studied the depletion interaction by compar-
ing the simulation results with an idealized model that treats
the density of small particles, into which two large particles
are immersed, locally without reference to the neighboring
region. For large plate separation when the density distribu-
tion of small particles is nearly uniform, the resulting deple-
tion force compares very well with that of the simulated
system. For smaller plate separation the depletion force cal-
culated from the model develops the same features as that of
the simulated system, indicating that the changes in the
depletion force are connected with the density distribution of
small particles. However, the model gives an exaggerated
account of the contributions due to the spatial variation of
the small-particle density. This indicates that in a real system
there exists a mechanism which counters the effects of the
spatial variations of the small-particle density. By investigat-
ing the connection between the small-particle density profile
and the resulting depletion force, we determined that forhs

r

values covered in this paper it is the outermost peaks to-
gether with the adjacent valleys that affect the depletion in-
teraction in any significant wayf24g.
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